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Convex resource theory of non-Markovianity
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1S. N. Bose National Centre for Basic Sciences, Block JD, Sector III, Salt Lake, Kolkata 700 098, India
We establish a convex resource theory of non-Markovianity under the constraint of small time intervals within
the temporal evolution. We construct the free operations, free states and a generalized bona-fide measure of
non-Markovianity. The framework satisfies the basic properties of a consistent resource theory. The proposed
resource quantifier is lower bounded by the optimization free Rivas-Huelga-Plenio (RHP) measure of non-
Markovianity. We further define the robustness of non-Markovianity and show that it can directly be expressed
as a function of the RHP measure of non-Markovianity. This enables a physical interpretation of the RHP
measure.
Introduction: Control and manipulation of characteristic
quantum traits of any physical system are more often than not
hindered by decoherence resulting from unavoidable coupling
with noisy environments. Theory suggests that as a result
of decoherence, the system monotonically relaxes to thermal
equilibrium, or generally, to a non-equilibrium steady state
[1–4]. The one-way information flow characterized by the
monotonic relaxation towards the stationary states is a direct
consequence of the Born-Markov approximation [4], which is
valid for very large stationary environments, leading to Com-
plete Positive (CP)-divisibility of the dynamics [5–7]. How-
ever, beyond Born-Markov limit, the CP-divisibility breaks
down [8], triggering non-Markovian (NM) backflow of infor-
mation [9–24].
Recently, it has been shown that NM information backflow
acts as a resource in various quantum mechanical tasks. For
example, it has been shown that NM allows perfect telepor-
tation with mixed states [25], efficient entanglement distribu-
tion [26], improvement of capacity for long quantum channels
[27] and efficient work extraction from an Otto cycle [28]. For
all of these mentioned cases, the accomplishment of the tasks
has been done by harnessing information backflow, which can
be understood as resource inter-conversion. NM can thus be
inter-converted via information backflow, into other resources
like entanglement, coherent information, extractable work etc.
It can also be exploited for efficient quantum control [29].
Thus it is evident, that we are in need of a proper resource
theoretic framework of NM in quantum theory. Furthermore,
we know that information theories can be viewed as examples
of resource inter-conversion [30]. Since NM can be converted
into other resources, the necessity of a resource theory of non-
Markovianity (RTNM) is strongly established.
The construction of resource theories in connection with
various quantum phenomena such as entanglement [31, 32],
coherence [33], reference frame and asymmetry [34], non-
locality [35], non-gaussianity [36], and thermodynamics [37,
38], has flourished in recent years. In this letter we construct
a RTNM of similar structure, by developing its fundamental
components. Previously, there has been an attempt to con-
struct a classical RTNM [39] based on a tripartite scenario.
The phenomenon of NM is of course not restricted within
quantum theory only [40]. However, information backflow
[9] is an explicitly quantum characteristic. Since our RTNM
encapsulates information backflow caused by indivisibility of
quantum channels as the central feature, it can be understood
as a quantum framework of RT, valid for arbitrary finite di-
mensional single or any-partite system, satisfying all the basic
ingredients [41]. Notably, there are arguments on whether or
not the divisible operations exhaust all the Markovian opera-
tions [42]. However, even if there exists CP-divisible NM op-
erations, they will not generate information backflow. Hence
it is legitimate to consider only indivisible operations as re-
sourceful operations.
Note that, our construction of RTNM is restricted to
the operations having Lindblad type generator ρ˙(t) =
L(ρ(t)) =
∑n≤d2
S
α=1 Γα(t)
(
Lαρ(t)L
†
α −
1
2L
†
αLαρ(t) −
1
2ρ(t)L
†
αLα
)
,
where Γα(t)s are the Lindblad coefficients, Aαs are the Lind-
blad operators and ds is the dimension of the system. For
divisible evolutions Γα(t) ≥ 0, ∀α, t.
Resource theory of non-Markovianity: There are many
types of physical phenomena in quantum mechanics, defined
directly at the level of quantum states by imposing constraints
over the physical operations. To construct a RT concerning
one of such phenomena, we need to identify the states con-
taining the signature of such resources; or conversely, we need
to find the states not containing such resources, defined as the
“free states”. In case of NM, since it is a property of quantum
processes, constructing free and resourceful states is not un-
equivocal. The second important component of any quantum
RT is the set of constrained quantum operations under which
the resource cannot increase. These operations are called the
“free operations”. Thirdly, we need a resource quantifier,
which is contractive under free operations. Additionally, it is
technically convenient, if the RT structure is convex. Quan-
tum RTs such as entanglement, coherence, asymmetry and
athermality possess such structure. In the following we con-
struct these basic components for the RTNM and prove that it
satisfies all the requirements of a convex RT under a particular
constraint.
Free operations: We define, the divisible operations
as the resource non-increasing operations. They are ex-
pressed as ΛM(t2, t1) ≡ exp
(∫ t2
t1
Ltdt
)
, where Lt(·) =∑
i Γi(t)
(
Li(·)L
†
i
− {L
†
i
Li, (·)}
)
with Γi(t) ≥ 0,∀i, t.
Free states: As discussed earlier, since NM is solely
the property of underlying operation, there is no concept of
“states” for it. But to utilize the geometry of state space un-
2derlying the structure of RT, it is necessary to construct the
set of free states corresponding to a particular resource. We
bridge this gap by considering the Choi states [43, 44] corre-
sponding to the free operations as free states. They are defined
as CM(t + ǫ, t) = I ⊗ ΛM(t + ǫ, t)(|ψ〉〈ψ|) with ǫ > 0, where
|ψ〉 is the maximally entangled state of d × d dimension, for
a d dimensional system. Recall the RHP measure of NM [8]
given as gN (t) = limǫ→0+
‖ CN (t + ǫ, t) ‖1 −1
ǫ
, where ‖ · ‖1 is
the trace norm and CN (t + ǫ, t) = I⊗ΛN (t + ǫ, t)(|ψ〉〈ψ|) is the
Choi state corresponding to any operation ΛN . For a divisible
evolution, gN (t) is always zero since CM(t + ǫ, t) is valid state
and ‖ CM(t + ǫ, t) ‖1= 1. Thus we define the set of free states
as
F =
{
CM(t + ǫ, t) | ‖ CM(t + ǫ, t) ‖1= 1 ∀ ǫ, t
}
.
We prove the following propositions stating particularly es-
sential properties.
Proposition 1A: Resourceful states cannot be generated un-
der tensor product, partial trace and permutations of spatially
separated subsystems.
Proof. Let us consider two arbitrary Choi states ρM, σM ∈ F.
Therefore ‖ ρM ‖1=‖ σM ‖1= 1. From the properties of trace
norm [45] we have, ‖ ρM ⊗ σM ‖1=‖ ρM ‖1‖ σM ‖1= 1.
We know that for a NM resourceful Choi state, the trace norm
must be strictly greater than 1 in some intermediate region.
Therefore ρM ⊗ σM is not a resourceful state.
Similarly we can prove σM ⊗ ρM is also not resourceful.
To show partial trace cannot generate resource, let ρM
AB
∈ F
be an arbitrary bipartite Choi state. If we take partial trace
with respect to subsystem B, the reduced subsystem becomes
ρM
A
= TrB[ρMAB]. Now, ‖ ρ
M
A
‖1 = Tr[
√
ρM
A
ρ
†M
A
]= Tr[ρM
A
], as
ρM
A
is a positive operator. Hence we have
ρMA =
dB∑
j=1
(IA ⊗ 〈bi|)ρMAB(IA ⊗ |bi〉),
where dB is the dimension of subsystemB having orthonormal
basis {|bi〉}. Therefore,
Tr[ρM
A
] = Tr[ρM
AB
(IA ⊗
∑dB
j=1 |bi〉〈bi|)] = Tr[ρ
M
AB
(IA ⊗ IB)]
= Tr[ρM
AB
] = 1.
So we prove that ρM
A
is not a resourceful state. 
Proposition 1B: The set of free states F is a compact set.
Proof. A subset in an Euclidean space is compact if and only
if it is bounded and closed (contains all its limit points).
Boundedness of F in trace norm is clear from its definition
and closedness of F follows from the continuity of trace norm.
Hence F is compact. 
Proposition 1C: Free operations cannot generate resourceful
states.
Proof. Here we need to prove that free operation ΛM cannot
generate resourceful state. i.e. if σ(t + ǫ, t) = I ⊗ ΛM(t +
ǫ, t)CM(t), then σ(t + ǫ, t) ∈ F. i.e. ‖ σ(t + ǫ, t) ‖1= 1, ∀ǫ, t.
Now ΛM(t + ǫ, t) is a divisible CPTP map and the free state
CM(t) is a valid density matrix. Therefore the divisibility of
ΛM(t+ǫ, t) implies that it will take valid density matrix CM(t)
to a valid density matrix σ(t + ǫ, t) ∀t, ǫ. Therefore, from the
property of density matrices, we have ‖ σ(t + ǫ, t) ‖1= 1 ∀t, ǫ.

The implications of these propositions are important. Free
states are free in all possible finite dimensions. One cannot
generate resourceful states without any cost. Therefore it is
natural that tensor product of two free states and reduced state
of a free state cannot be resourceful [41] and free operations
cannot generate resource.
Measure of non-Markovianity: A proper measure of any
resource can be constructed by the minimum contractive dis-
tance between a resourceful state and the set of free states.
Here we have to consider the distance between a Markovian
and a non-Markovian operation. Choi-Jamilkowski isomor-
phism [43, 44] reduces this problem to finding distance be-
tween corresponding Choi states. A measure of NM can be
defined as M(t + ǫ, t) = infCM(t+ǫ,t) D(CN(t + ǫ, t)|CM(t + ǫ, t)),
where D(·|·) is any metric contractive under CPTP maps.
M(t + ǫ, t) can only be non-zero positive quantity in the time
span ǫ, where CP breaks down. The optimization is done over
the free states (CM(t + ǫ, t)). This is extremely difficult to cal-
culate because the free operations ΛM do not form a convex
set [46, 47]. We overcome this difficulty by virtue of the fol-
lowing proposition.
Proposition 2: In the limit of ǫ → 0, the Choi states CM(t +
ǫ, t) form a convex set.
Proof. To prove the convexity of a set, it is enough to show
that the convex combination of two elements of the set also
belongs to the same set. Let us consider two Markovian oper-
ations
ΛM(1)(t+ǫ, t) = exp
(∫ t+ǫ
t
L
(1)
t dt
)
,ΛM(2)(t+ǫ, t) ≡ exp
(∫ t+ǫ
t
L
(2)
t dt
)
Here L(1)t and L
(2)
t are Lindblad type generators with positive
coefficients. In the limit of ǫ → 0, we can expand the expo-
nentials and neglect the 2nd and higher order terms. There-
fore, we have
ΛM(1)(t + ǫ, t) = I + ǫL
(1)
t ,Λ
M
(2)(t + ǫ, t) = I + ǫL
(2)
t .
We define another map
ΛM(t + ǫ, t) = pΛM(1)(t + ǫ, t) + (1 − p)Λ
M
(2)(t + ǫ, t),
= I + ǫ[pL(1)t + (1 − p)L
(2)
t ] = I + ǫLt,
with Lt = pL
(1)
t + (1 − p)L
(2)
t and 0 ≤ p ≤ 1. Clearly, Lt
is also a Lindblad type generator with positive coefficients,
which proves ΛM(t + ǫ, t) also belongs to the set of divisible
Markovian maps. Then, if the Choi states corresponding to
3the operations ΛM(1,2) are denoted by C
M
(1,2), then their convex
combination σ = pCM(1) + (1 − p)C
M
(2), can be represented as
σ = I ⊗ ΛM(t + ǫ, t)|ψ〉〈ψ|.
Since ΛM(t + ǫ, t) is a divisible map, we have σ ∈ F. 
Further, it can also be shown that in the limit of ǫ → 0, the
set of all Choi statesA is also a convex set. Using Proposition
2, we define the following measure of NM, taking the right
derivative of M(t + ǫ, t) in the CP breaking region as
DT (t) = lim
ǫ→0+
MT (t + ǫ, t) − 0
ǫ
, (1)
where MT (t + ǫ, t) = infCM(t+ǫ,t) ||(CN(t + ǫ, t) − CM(t + ǫ, t)||1,
with || · ||1 is the trace norm. The minimum distance M at
the previous time t is taken to be zero, since divisibility was
not broken before t, the Choi state at that time belongs to
the set of free states. For any quantum evolution, we always
have DT (t) ≥ 0. The equality holds for divisible Markovian
evolutions. The optimization involved in evaluating DT (t) is
now easier because the set of free states now forms a con-
vex set. Moreover, by virtue of Proposition 1B and Propo-
sition 2, we know that the set of free states F in the limit
ǫ → 0 is convex and compact. We can thus apply the Krein-
Milman theorem [48] to state that F is the convex hull of its
extreme points. Hereafter, for brevity we use the short nota-
tion CN(M)(t + ǫ, t) = CN(M)(t).
Proposition 3: DT (t) is a bona fide measure of NM.
Proof. To prove DT (t) is a bona fide measure, we have to
prove it is faithful, convex and a monotone under the free op-
erations.
The measure is faithful iff DT (t) ≥ 0 and DT (t) = 0 ⇔
CN (t) ∈ F. Clearly DT (CN (t)) ≥ 0 ∀CN(t) from the defi-
nition. We now show that DT (CN(t)) = 0 iff CN (t) ∈ F.
Here the if part is obvious from the definition. To prove
the only if part, let DT (CN (t)) = 0 for some CN (t). Then
DT (CN(t)) = 0 ⇒ limǫ→0
M(CN (t))
ǫ
= 0 ⇒ MT (CN (t)) = 0,
since ǫ is a finite positive number. Therefore MT (CN (t)) ⇒
in fCM(t)∈FD(CN (t)|CM(t)) = 0. This implies CN (t) ∈ Cl(F) =
F since F is a closed set. ThereforeDT (t) is faithful.
To prove the convexity of DT (t), we consider CN1 (t) and
CN2 (t) be two Choi states. By the convexity property of the set
of all Choi statesA, we know CN(t) = pCN1 (t)+ (1− p)C
N
2 (t)
is also a Choi state. Therefore, by virtue of triangle inequal-
ity, we have ||pCN1 (t) + (1 − p)C
N
2 (t) − C
M(t)||1 ≤ p||CN1 (t) −
CM(t)||1 + (1 − p)||CN2 (t) − C
M(t)||1, for all CM(t). Conse-
quently, we get infCM(t) ||pC
N
1 (t) + (1 − p)C
N
2 (t) − C
M(t)||1 ≤
p infCM(t) ||C
N
1 (t)−C
M(t)||1+ (1− p) infCM(t) ||C
N
2 (t)−C
M(t)||1.
This in turn proves the convexity relation DT (pCM1 (t) + (1 −
p)CM2 (t)) ≤ pDT (C
M
1 (t)) + (1 − p)DT (C
M
2 (t)).
To prove the monotonicity of DT (t), we consider a di-
visible free operation: ρ(t2) = I ⊗ Λ(t2, t1)(ρ(t1)) =
TrE
[
V(t2, t1)ρ(t1) ⊗ σEV†(t2, t1)
]
, where V(t) is a global uni-
tary acting on the composite system-environment Hilbert
space and σE is the initial state of the environment.
Therefore, we have ||CN(t + ∆)) − CM(t + ∆)||1 =
||TrE
[
V(t + ∆, t)(CN (t)) − CM(t)) ⊗ σEV†(t + ∆, t)
]
||1. Using
the trace norm inequality ||Trb[Aab]||1 ≤ ||[Aab]||1, for any
bounded operator Aab, and preservation of trace norm un-
der unitary rotation, we thus have ||(CN(t)) − CM(t))||1 =
||(CN(t) − CM(t))) ⊗ σE ||1 = ||V(t + ∆, t)(CN (t)) − CM(t)) ⊗
σEV
†(t+∆, t)||1 ≤ ||TrE[V(t+∆, t)(CN(t))−CM(t))⊗σEV†(t+
∆, t)]||1 = ||(CN(t + ∆) − CM(t + ∆)))||1. Therefore we have
||(CN(t + ∆) − CM(t + ∆)))||1 ≤ ||(CN(t) − CM(t)))||1.
Now MT (t′, t) = infCM(t) ||CN(t) − CM(t)||1 = ||CN(t) −
CM∗(t)||1, with CM∗(t) being the free state from which the dis-
tance is minimum. Using the fact I ⊗ Λ(t + ∆, t)(CM∗(t) ∈
F, we have infI⊗Λ(t+∆,t)(CM∗(t) ||I ⊗ Λ(t + ∆, t)(CN (t)) − I ⊗
Λ(t + ∆, t)(CM∗(t))||1 ≤ ||I ⊗ Λ(t + ∆, t)(CN (t)) − I ⊗ Λ(t +
∆, t)(CM∗(t))||1 ≤ ||CN(t) − CM∗(t)||1. It is evident from Eq.
(1) that DT (t + ∆) ≤ DT (t), proving the monotonicity of
mathcalDT (t) under divisible operations. This completes the
proof of the proposition. 
We further reduce the complexity of calculating the mea-
sure of NM, by constructing a lower bound of DT (t) in the
following theorem.
Theorem 1: Let ΛN be map corresponding to some opera-
tionN and gN (t) be the RHP measure, thenDT (t) is bounded
below by gN (t), i.e. DT (t) ≥ gN (t).
Proof. We have the expression of our NM measure
DT (t) = lim
ǫ→0+
infCM ‖ CN (t) − CM(t) ‖1
ǫ
.
Using the reverse triangle inequality: ||A − B||1 ≥ | ‖ A ‖1 − ‖
B ‖1 | with ‖ CN (t) ‖1≥ 1 and ‖ CM(t) ‖1= 1 ∀ΛM, we have
DT (t) ≥ lim
ǫ→0+
‖ CN (t) ‖1 −1
ǫ
= gN(t)

Interestingly,DT (t) is lower bounded by gN(t), which is op-
timization free and easier to calculate. Note that gN (t) is the
time derivative of the trace norm of the Choi state [8]. When
the divisibility breaks down, the norm of the corresponding
Choi state is strictly greater that 1. In those regions we have
gN(t) > 1, showing that the RHP measure is a witness of
CP-indivisibility, whereas DT (t) is the time derivative of the
minimum distance between the Choi states corresponding to a
specific evolution and all possible divisible maps. This, with
the above mentioned lower bound proves thatDT (t) is a more
general measure of NM.
Robustness of non-Markovianity: Finally, we construct the
concept of robustness of NM (RONM), in the similar foot-
ings of entanglement [49–51], coherence [52] and asymmetry
[53]. In accordancewith the definitions of robustness for other
quantum resources, we define RONMas theminimum amount
of Markovian noise needed to be added to a NM evolution to
make the resulting evolution Markovian. Hence, the formal
4definition of RONM follows as
RN (CN (t)) = inf
s
{
s ≥ 0 :
CN (t) + sτN (t)
1 + s
= δM(t) ∈ F
}
,
(2)
where τN (t) is an arbitrary element from the set of all Choi
states A. After achieving the minimization for Choi states
τN∗(t) and δM∗(t), we write
CN (t) = [1 + RN (CN(t))]δM∗(t) − RN (CN (t))τN∗(t). (3)
In the following propositions, we establish that RN (CN(t)) is
a bona fide measure of NM.
Proposition 4: RN (CN (t)) is a faithful, convex measure of
NM, contractive under divisible operations.
Proof. The faithfulness of RONM follows from the definition
as
RN (CN(t)) ≥ 0 and RN (CN(t)) = 0⇔ RN (CN(t)) ∈ F.
To prove the convexity of RN (CN (t)), let us consider two ar-
bitrary Choi states CN1 (t) and C
N
2 (t), expressed as the pseudo-
mixture CN
l
(t) = [1 + RN (CNl (t))]δ
M∗
l
(t) − RN (CNl (t))τ
N∗
l
(t)
(for l = 1, 2). The convex structure of A ensures that the
convex combination of these two Choi states will also be an-
other Choi state. Now considering the convex decomposition
CN (t) = pCN1 (t) + (1 − p)C
N
2 (t) (with 0 ≤ p ≤ 1) and utiliz-
ing the pseudo-mixtures written above, the following pseudo-
mixture CN (t) = [1 + s]δM(t) − s(CN (t))τN (t) can be writ-
ten with δM(t) = {p[1 + RN (CNl (t))]δ
M∗
l
(t) + (1 − p)[1 +
RN (CN2 (t))]δ
M∗
2 (t)}/(1 + s) and τ
N (t) = {pRN (CNl (t))τ
N∗
l
(t) +
(1− p)RN(CN2 (t))τ
N∗
2 (t)}/s. The trace preservation property of
any arbitrary quantum operation guarantees the hermiticity of
Choi matrix with unit trace. Therefore, from the normaliza-
tion condition, we get s = pRN (CN1 (t)) + (1 − p)RN (C
N
2 (t)).
Now, from the definition of RONM, we have RN (CN (t)) ≤ s.
Thus, the convexity of RN (CN(t)) is proved.
To prove the monotonicity of RN (CN (t)), we use a result
from entanglement theory [54]. As we have seen from Eq.
(3), the Choi state CN(t) can be written in the pseudo mixture
CN (t) = c+δM∗ − c−τM∗, with c+ = 1 + RN (CN(t)) and c− =
RN (CN(t)). If P− be the projector onto the negative eigen-
value subspace of CN (t), then c− = −Tr[P−CN (t)] is the sum
of absolute values of negative eigenvalues. Let us consider the
spectral decomposition CN (t) =
∑
k λ
+
k
|λ+
k
〉 +
∑
l λ
−
l
|λ−
l
〉 with
λ+
k
s and λ−
l
s being the positive and negative eigenvalues re-
spectively. Therefore, the trace preservation condition yields∑
k λ
+
k
= 1 +
∑
l |λ
−
l
|. Thus, we have ||CN(t)||1 =
∑
k λ
+
k
+∑
l |λ
−
l
| = 1 + 2
∑
l |λ
−
l
|. Since RN (CN (t)) = c− =
∑
l |λ
−
l
|, we
get the following relation
RN (CN (t)) =
||CN(t)||1 − 1
2
. (4)
From the proof of Proposition 3, we know that trace norm is
contractive under divisible operations. Hence, from Eq. (4), it
is evident that RN (CN(t)) is contractive under divisible opera-
tions. 
By virtue of Proposition 4, we surmise that RN (CN (t)) is
also a bona fide measure of NM. If CN1 (t) and C
N
2 (t) be two
arbitrary Choi states, then their convex mixture can be written
as (CN1 (t) + sC
N
1 (t))/(1 + s) = [I ⊗ I + I ⊗ (1/(1 + s)L
(1)
t +
s/(1+ s)L(2)t )]|ψ〉〈ψ|. RONM physically means the endurance
of a NM operation under mixing with Markovian noise. From
Eq. (4), we see that there is an optimization free way to com-
puteRN (CN(t)), and hence, we get a bona fide measure of NM
which is easy to compute. There is another important conclu-
sion that can be drawn from the proof of Proposition 4. From
Eq. (4) we get that the RONM can be expressed in terms of
the RHP measure of NM as
RN (CN(t)) =
1
2
NT (t) =
1
2
∫ t
0
gN (t′)dt′. (5)
So the RONM can be directly expressed as a function of the
RHP measure gN (t). This provides a physical interpretation
of the RHP measure. The normalized measure of NM [8] can
therefore be expressed as
T (t) =
NT (t)
1 +NT (t)
=
2RN (CN(t))
1 + 2RN (CN (t))
.
Conclusion: In this work, we have constructed a convex
RTNM under the constraint of small time interval, which
satisfies all the properties of RT. We have defined the divisible
operations as the free operations, Choi states corresponding
to the divisible operations as the free states and constructed a
bona fide measure of NM. In a recent work [42], a measure
of NM in terms of minimum quasi-distances has been
proposed, where the minimization is done over all Markov
processes. Due to the non-convexity of Markov processes,
this optimization is extremely difficult to compute in practice.
On the other hand, calculating our proposed measureDT (t) is
much easier, since the free Choi states (CM(t)) form a convex
set in a sufficiently small time interval. Moreover, DT (t) is
lower bounded by the optimization free RHP measure of NM.
We have also constructed robustness of NM, which is the
degree of endurance of any NM operation under the mixing
with Markovian noise. We have shown that it satisfies all the
properties of a bona fide measure, and is also easy to compute
from the optimization free relation (4). Moreover, we have
directly connected RONM with RHP measure , which allows
us to present an operational interpretation of RHP measure of
NM. Applications of the present results in future work may
ascertain the practical importance of our RTNM in the study
of NM in quantum information and thermodynamics.
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